We report on density matrix renormalization-group and analytical work on S = 1 antiferromagnetic Heisenberg spin chains. We study the finite size behavior within the framework of the non-linear sigma model. The behavior of the gap ∆ 2 + v 2 sin 2 π L+2 is verified for the whole range of chain length L, starting from length as small as correlation length. We study the effect of magnon-magnon interactions on the finite size spectrum and on the magnetization curve close to the critical magnetic field.
Since Haldane pointed out the difference between integer spin and half integer spin
Heisenberg chains 1 , the richness of the physics in the Heisenberg model has attracted intensive attention. The S = 1 antiferromagnetic Heisenberg chain is gapped 1 and the magnitude of the gap has been accurately computed. 2, 3 By the density matrix renormalizationgroup (DMRG) technique 4 , the L-dependence of the gap for open chains has been found to behave as 1/L for medium chain length and 1/L 2 for long chain length 5 . In this paper we will show that those two behaviors for different range of lengths have a unified expression ∆ 2 + v 2 sin 2 π L+2 obtained empirically within the framework of non-linear sigma model (NLσM). We will study interaction of magnons and obtain the behavior of the energy of multi-magnon states and the magnetization curve close to critical magnetic field, determining a universal parameter characterizing magnon interactions. The magnetization curve we obtain for S = 1 chains close to the critical field is in agreement with other numerical results 9, 10 . We also demonstrate the exponential finite size energy behavior for edge excitations predicted for general integer spin open chains 6 . Our study is relevant to impurity effects in S = 1 chain materials 7, 8 .
Following the derivation of NLσM for large S from Heisenberg model 11 , we first define
for open chain of even chain length L. We plot the lattices S j , φ i , and l i in Fig. 1 . The lattice spacing for fields φ i and l i is 2, and the number of lattice points at which the fields φ i and l i are defined is L/2. The Hamiltonian for antiferromagnetic Heisenberg spin chains is
Starting from Eq. (2) for even length open chain, we obtain a continuum model, the NLσM:
Using the fact that free boundary conditions for a chain of L/2 sites with lattice spacing 2 is equivalent to vanishing boundary conditions for a chain of length L+2, we see that the φ and l fields can be expanded in eigenmodes sin nπ 2(L/2+1) . The continuum NLσM dispersion relation, √ ∆ 2 + v 2 k 2 is only valid at small k. (Here, v is the spin-wave velocity and k is shifted by π.) For the S = 1 lattice model we find that the formula √ ∆ 2 + v 2 sin 2 k is much more accurate for somewhat larger k. For the open boundary condition system, the lowest energy magnon energy is given by this empirical formula with k = π 2(L/2+1) . In this paper, we use the proposed empirical dispersion instead of the standard one given in continuum
The empirical dispersion reproduces the standard spin-wave dispersion for higher energy magnons, with v sin k >> ∆. We shall show later by DMRG calculation that this dispersion describes the whole range of length L for S = 1 open chain starting from small length about 6. It is a gap behavior formula also since the first mode k = π L+2 goes to zero and the gap ∆ 2 + v 2 sin 2 π L+2 goes to ∆ as L → ∞. We point out that the empirical dispersion is better than the standard dispersion √ ∆ 2 + v 2 k 2 for describing finite chains and high momentum magnons but it is still not exact. In particular, it fails badly for k near π. (Recall that we have redefined our wave-vector by π.)
In the meantime, the total spin excitations are composed of the bulk spin excitations and edge spin excitations 13 For low energy states where the number of magnons in the chain is small, their excitation energies are the sum of the energies for each magnon to zeroth approximation. 16, 17 We can also include the higher order magnon-magnon interaction into the excitation energy by considering the correction to the hard core boson interaction. Hartree-Fock (HF) calculation gives us energy correction ∼ 1/L 3 for two hard core boson states with additional short range interactions. Therefore the lowest energy for two magnons excitation
where the constant c depends on the interaction between magnons. This constant c is determined by the second moment of the magnon-magnon interaction potential, as we show below, and turns out to be negative, indicating that the interaction is not purely repulsive.
As we analyzed in preceding paragraphs, the behaviors for the ground state energy E 0 , edge excitation E 1 , the gap (also the one magnon excitation) E 2 − E 1 , and the two magnons excitation E 3 are given by 5, 15, 17 :
We will use the physical quantities obtained for S=1 spin chains in previous studies to verify the gap behavior E 2 − E 1 and other relations given in Eq. We plot in Fig. 2 
fits the DMRG data excellently well from L ∼ ξ to L → ∞. In comparing with the fitting ∆ 2 + v 2 ( π L ) 2 for long chain length used in previous study 5 , the behavior in Eq.(4) describes system correctly to length as short as about one correlation length. Later in this paper we will show that behavior ∆ 2 + v 2 sin 2 π L+2 includes the scattering phase shift due to the open boundary for the one magnon state and includes terms to order 1/L 3 .
In Fig. 3 
L+2 . The behavior for long length limit given by Eq.(4) without considering magnon-magnon interaction is (
L+2 . We see that it fits well the long chain length limit. It is also obvious that for short chain length the magnon interactions decreases the excitation energy, and the strength of the interaction is substantial. The two magnon energy is smaller than the sum of single magnon energies. We plot in Fig. 4 
L+2 vis 1/L 3 . The leading and dominant c/L 3 behavior for the interaction energy from magnon-magnon scattering is obvious. The behavior in Eq.(4) is seen to hold. The coefficient c = −1.4×10 3 is obtained by fitting. We will show later that c gives the leading contribution of magnon-magnon interaction to magnitude of magnetization when the external magnetic field is close to critical field.
In order to improve the finite size behavior for multi-magnon states and for higher integer spin open chains with more complicated edge states, we discuss the scattering phase shift of magnons. For now we shall only consider free magnons. For open S = 1 chain, we include the open boundary scattering effects and use
and all k's are bigger than zero. As remarked above, the case δ(k) = 0 corresponds to free boundary conditions on a chain of L/2 sites with lattice spacing 2. For general impurity potential, we have expansion δ(k) 
We omit terms of order 1/ For multi-magnon states, we have to consider interactions between magnons in order to improve the behavior given in Eq.(4). For two magnons both with S z = 1, the scattering phase shift 19, 20 is π when L → ∞. Our finite size calculation show the phase shift is smaller than π for finite k in Fig. 3 and Fig. 4 . It is not easy to study the magnon-magnon interactions in a system with impurity potentials. Due to different boundary conditions, we may obtain effective attractive interaction from pure open boundary, and repulsive interaction 2 from a more complicated boundary for magnons with parallel spins. In order to clarify this problem, we calculate the two magnons excitation energy for state with total spin 2 for periodic even chain and draw it in Fig. 5 . In DMRG calculation we keep m = 800 states. If the two magnons are hard core bosons and have no interaction between them, the scattering phase shift is always exactly π, the energy is 2∆ 1 + ξ 2 sin 2 π L . Note that the symmetric bosonic 2-body wave-function is:
This is a free fermion wave-function multiplied by the odd step function, ǫ(x 1 −x 2 ) to give the correct symmetry. Periodic boundary conditions imply k i = 2π(n + 1/2)/L where n is an integer. The lowest energy 2-magnon states have k i = ±π/L. This is true in k → 0 and L → ∞ limit 19, 20 . It has been drawn in Fig. 5 for comparison. We see that the two magnon excitation has a lower energy than 2∆ 1 + ξ 2 sin 2 π L , corresponding to an interaction with a negative (attractive) second moment. We should point out here that the interaction energy between magnons goes to zero as L → ∞ as we show in the figure.
By fitting 2∆ 1 + ξ 2 sin 2 π L + c/L 3 , we obtain c = −1.2 × 10 3 . So the pure open boundary condition gives the same order of two magnons interaction energy as the periodic one.
We will show the relation between the coefficient c obtained from the two magnons state and magnetization in the following. Now we discuss the magnon-magnon interaction's contribution to magnetization process. After identifying the boundary or potential phase shift, we have extracted the c/L 3 term purely from magnon-magnon interaction from two magnons states of open chain (c = −1.4×10 3 ) and for periodic chain (c = −1.2×10 3 ) in previous paragraphs. Let's calculate perturbatively the corrections due to magnon-magnon interaction in two magnons states in the following. In the low energy limit (zero momentum limit), two magnons with parallel spins scatter as two hard core bosons 19, 20 . Beside the infinite onsite repulsion for hard core bosons, the effect of the rest of magnon-magnon interaction V (r) can be studied perturbatively. V (r) is assumed to be short ranged since magnons are massive bosons.
By evaluating V (r) with the wave function of Eq. (7) for two magnons we have
for k 1 , k 2 << 1/ξ. In the above equation, ξ is the range of the potential and we expand e iφ = 1 + iφ − φ 2 /2 + . . . to obtain the leading order of the integration. The constant γ is defined as:
Inserting k 1 = −k 2 = π/L, we see that:
since c = −1.2 × 10 3 . For the lowest two magnons state of open chain, we have
. Since k 1 = π/L and k 2 = 2π/L for the two lowest magnons in long open chain limit, we obtain γ = 
using v ≈ 2.49 and ξ ≈ 6.0.
We emphasize that the interaction between the bosonic magnons is not purely attractive but may be thought of as consisting of a replusive hard core together with a finite range part with a negative second moment. In Ref. [ 2] a replusive interaction has been obtained between 2 magnons with parallel spins using a different approach in which the hard core constraint was not incorporated into the free particle wave-functions. With open boundary conditions this means that both magnons are assigned the same wavevector k i = π/L, rather than k 1 = π/L and k 2 = 2π/L in the hard core case. Thus the free part of the energy is lower by approximately (3/2∆)(vπ/L) 2 in their approach. Hence there apears to be a repulsive interaction energ of O(1/L 2 ). In our approach, this energy is taken into account in the "non-interacting hard core bosons" approximation and the residual interaction energy decays faster as 1/L 3 .
Generalizing this result to N magnon states with external field H, we have the ground state energy at low density, n ≡ N/L, expanded to fourth order in n:
We assume periodic boundary condition here for simplicity. Minimizing E 0 with respect to n gives the magnetization per unit length:
In Fig. 6 we plot m vis H from Eq.(11) with and without the interaction (γ = −60 or γ = 0). The leading order correction due to the magnon-magnon interaction is obvious around magnetization M = 0.02.
This finite density correction can be generalized to finite temperature, T . The correction to the free energy of lowest order in density is given by:
Note that it is the Fermi distribution function which appears, rather than the Bose function since we are thermally averaging over Bloch wave-functions multiplied by the antisymmetric tensor, implying that the effective occupation number of any momentum state can only be 0 or 1. n F (k) is evaluated at finite T and H, then the magnetization is obtained by the usual thermodynamic formula, ∂F/∂H = −M. In order to compare with recent Monte Carlo data on the magnetization for the S=1 chain, it is useful to also generalize our formulae to finite length, L with periodic boundary conditions. There is a slight subtlety in doing so because the allowed wave-vectors of the magnons alternate between k = 2πn/L ("even wave-vectors") for an odd number of magnons and k = 2π(n + 1/2)/L ("odd wave-vectors") for an even number. This follows from the sign change of the wave-function each time one magnon passes another one. However, this is easily dealt with exactly by inserting appropriate factors of:
into the partition function trace. This effectively gives the chemical potential an imaginary part, essentially converting fermion occupation numbers into boson ones. Explicitly, ignoring the interactions, the partition function is given by:
Here Z 0 F e denotes the partition function for free fermions with even wave-vectors; Z 0 Bo denotes the partition function for bosons with odd wave-vectors, etc. Note that inverse boson partition functions occur. The expectation of the interaction term becomes:
where the first sum is over even wave-vectors and the second over odd wave-vectors. The resulting magnetization curve is plotted in Fig. 7 . Note the rounding of the singularity at the critical field due to a finite T and the oscillations due to a finite L. We use the interaction parameter, γ = −60, obtained from the grounds tate numerical data so there are no free parameters in drawing Fig. 7 . The agreement with the Monte Carlo data, at the same length and temperature, L=100, T=J/100 is remarkable. Thus we have effectively obtained consistent estimates of the magnon interaction parameter, γ ≈ −60, three different ways: at T = 0 using periodic or open boundary conditions, and at finite T using periodic boundary conditions. Next we show the behavior for the edge excitation and the ground state energy given in Eq. (4) . We plot in Fig. 8 
. It is clear that the ratio approaches −1/3 as L → ∞. This verifies the existence of two edge 1/2 spins with effective interaction J ef f (L) S 0edge . S Ledge . The effective coupling J ef f (L) is shown in Fig. 9 by plotting ln(E 1 − E 0 )/(L − 1) vis 1/(L − 1). The 1/(L − 1) fitting for ln(E 1 − E 0 )/(L − 1) = −1/ξ + c/(L − 1) is again good. As one kind of impurity for spin chains, open boundary condition can be described by behaviors given in Eq.(4) very well.
In summary we give quantitatively correct gap behavior for S = 1 open chain whenever the chain length is about or bigger than the correlation length ξ. The behavior of the gap for S = 1 open chain has been unified into ∆ 2 + v 2 sin 2 π L+2 . We analyze the phase shift of magnon-potential scattering and we study magnon-magnon interaction for S = 1 chain. We calculate the magnetization curve close to critical field of S = 1 chain and show agreement with the Monte Carlo results for finite size chain at finite temperature.
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FIG. 1. Open spin chain S j , the fields φ i , and l i . 
